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Abstract 

Bicovariant differential forms over the quantum group SUq(2) are considered. Their multiplet 
structure is determined under the action of SUq(2). This gives a basis of the forms. The exterior 
derivative of forms and elements of the Hopf algebra .,4, which is generated by the matrix 
elements Mij, is explicitly calculated. Then the closed and exact forms are compared. This gives 
the bicovariant DeRham Cohomology of SUq(2). 
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1. Introduction 

In this work I consider  especially the quantum group SUq(2). It has already been 

investigated in great detail  in [Weich ,Wor l ] .  In [Wor l ]  the DeRham Cohomology o f  

SUq(2) has been determined. But this was based on a differential calculus of  SUq(2), 
which is not a bicovariant b imodule  over the Hopf  algebra ,A(SUq(2)). In this work 

now the DeRham Cohomology is determined with the help of  the bicovariant differential 

calculus from [ C S W W ] .  

2. The quantum group SUq(2) 

The notion of  a quantum group has been investigated in [FRT] and [Drin] .  My 

notation is guided by [ C S W W ] ,  specialized to the case SUq(2). 
The main structure of  a quantum group is the structure of  a Hopf  algebra. The 

quantum group SUq(2) is the Hopf  algebra ,,4 = .A(SUq(2)) generated by the matrix 
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elements Mij, i, j = 1,2, and with coproduct A, counit e and antipode K and with the 

following commutation relations: 
• • . l  • - ~ . t  . i  

Rq'3j ' i 'MJ J '' Mi'i ' '  = M'i '  MJ j' Rq ' ) j" i"  ' ( 1 ) 

where the R-matrix is defined as 01 
^ .. q _ q - I  1 

eq  = ( Rq '1 kl ) = D 

0 0 

A convenient basis over the field of complex numbers for the algebra ,,4 is [Worl] 

( (M11)k (M12) l (M21)m, (M12) l (M21)m(MZ2)n:  k , l , m  E N ,  n C N \ { 0 } } .  (2) 

With the help of (1) and detM = M]]M22 - qMI2M 21 = 1 it is possible to write every 

monom in the matrix elements in this basis. 
SUq(2) has also a corresponding Exterior Algebra F~d with left- and right-coaction 

AL and dR. p C -F~d is called lefl-invariant if zlL(p) = 1 ® p and right-invariant if 
A dR(p)  = p ® 1. The invariant elements form linear subspaces inv/-'~d and /'gdinv of 

/'~d, respectively. I f  {r/J E F~d inv : J of an index set} is a basis of the right-invariant 
elements then every element p C F~d can be written as 

p = Z a j r / J ,  a s E , , 4 .  (3) 
J 

The bicovariant bimodule FAd of SUq(2) is constructed in a way such that the right- 
invariant basis transforms as the adjoint representation [CSWW]. This means that the 

right-invariant basis of FAd inv, denoted as O/j, has to transform under left-coaction as 

. - 4 il 
A L ( O ' j )  = M ' i , K ( M  j j )  G O  j , .  

If  one uses a different right-invariant basis 

oiJ :_-- oij,~-.J'J , 

then it will transform as 

AL ( O ij) = MikMJ  l ® 0 kl . 

The right-invariant basis { o t l , o  12, O 21 , O 22 } can be split into irreducible parts, i.e. in a 

singlet 

" o ~t = ~]]8  i j x ,  ~)~ : -~P;Jk l  X :=ekl Okl , AL(X ) = 1 ® X ,  

and a triplet, that transforms like the adjoint representation: 

OA dij .=" ~AdiJ kt okl ' AL ( oiJAd ) = Mik M j l  ® O~d 

11 12 This triplet consists of e.g. OAd, OAd and O2A 2 , because the fourth element O ~  is linearly 
_-- 1 ,,:112 dependent: O2A~ = q ~Ad" 
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For the DeRham Cohomology one needs a basis of  the differential forms over the field 

of  complex numbers. For this it is useful to know the irreducible multiplet  structure. 

The results are: 

-- {O1~1, OAd,12 OAd,22 ~ }  is a basis of  FAdinv ,  

- {All,AlE, AEE, xAII,xAIE, xAE2} is a basis of  F~d2inv, 

_ {+~1 .~,2 .~22 .~ • o f  F~Jin v , , ,e 5 , ,e 5 , ,e2j ~ is a basis 

- ~2 is a basis of  F ~  4any, 

- = o .  (4)  

For instance with ,~" := v/~X, 

11 12 12 11 A I1 :=  OAd ~ OAd -- q2OAd @ OA d , 

A 12 := q(O 11 ®022  _ 0  22 ®OIAld) 

_ (q2 _ q--2)OlA2 d ® 012,  

A 22 := 012 ® ~A 2 -- q202A2 ® 012 , 

xAll . 11 • = OAd ® X ,  

xA 12 := 0 1 2  + ~ ' ,  

x A22 := ~A~I ® X" 

The details are given in [G] .  

3. T h e  e x t e r i o r  der iva t ive  d : .,4 ~ FAd 

The exterior derivative d : .,4 ~ FAd is defined as 

_•_ 1 ( X , a  - aX) da  := ( Xa - aX) = .N'---"~ a E A ,  

Let a E .4. In the C-Basis  (2)  of  .4, a is written as 

1 l 2 m 2 a= Z Otklmo(gll)k(gl2)l(g21)m+EaOlmn(g 2) ( g  1) ( g  2) n 

I,m=O n--I 

with coefficients OlklmO, OtOlmn E C ,  where only a finite number are nonzero. In the 
right-invariant basis 11 tal2 ta22 V I  {O m ,  the derivative of  a is '-'Ad ' '-'Ad ' ~'~" J 

d a  = 
1 

v ~ ( q  - q - l ) N o  

for instance with 
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a* f 4 1 = - - ( q - - q - l )  Z Otk+lt+lmoqk+l+l~Iwl~ 
l,m=O 

@ O'k+l lm-I 0 qt~k + l + 1~} (Mll)k(M12)I(M21 )m 

q- Z ce0/+l mn-I q-m~l + l]( M12)l( M21)m( M22)n 
n=l 

F, AP (coefficients with negative indices are defined to be zero). For the derivative Pd " --ad --' 
FA(p+I) Ad on p-forms one gets similar results. 

4. The DeRham Cohomology HP(SUq(2)) 

The DeRham Cohomology is defined as 

HP(SUq(2))_ ker(Pd) 
im(P_ld) , p > 0,  H°(SUq(2)) = ker(°d). 

If one writes ker(Pd) and im(p- ld)  in the basis elements (2) and right-invariant basis 

(4) one can compare both and find after some tedious calculations e.g. 

ker(ld) = im(°d)  ® C X  =:> H1(SUq(2)) "~C. 

The results are: 

H°(SUq(2)) ~ C, 

Hl ( SUq( 2 ) ) '~ C , 

H2(SUq(2)) = O, 

H3(SUq(2)) ~ C ,  

H4( SUq(2) ) '~ C. 

Comparing this result with SU(2) × U(1), 

× U ( 1 ) ) ~ f C  f o r p = O , p = l , p = 3 o r p = 4  , HP(SU(2) 
I 0 otherwise, 

one sees that they are identical. This can be understood by considering the classical 

limit q --* 1. The right-invariant basis {O l l ,  OA d12 , 6~a~ ' ~} of FAd inv goes over into the 

^ SU(2) plus a decoupled X, right-invariant basis of the classical bimodule Fsu(2 ) over 
which can be seen as basis of ^ Fu(1). 
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