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Abstract

Bicovariant differential forms over the quantum group SU,(2) are considered. Their multiplet
structure is determined under the action of SU,(2). This gives a basis of the forms. The exterior
derivative of forms and elements of the Hopf algebra .4, which is generated by the matrix
elements M';, is explicitly calculated. Then the closed and exact forms are compared. This gives
the bicovariant DeRham Cohomology of SU,(2).
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1. Introduction

In this work I consider especially the quantum group SU,(2). It has already been
investigated in great detail in [ Weich,Worl]. In [Worl] the DeRham Cohomology of
SU,(2) has been determined. But this was based on a differential calculus of SU,(2),
which is not a bicovariant bimodule over the Hopf algebra A(SU,(2)). In this work
now the DeRham Cohomology is determined with the help of the bicovariant differential
calculus from [CSWW].

2. The quantum group SU,(2)

The notion of a quantum group has been investigated in [FRT] and [Drin]. My
notation is guided by [CSWW], specialized to the case SU,(2).

The main structure of a quantum group is the structure of a Hopf algebra. The
quantum group SU,(2) is the Hopf algebra A = A(SU,(2)) generated by the matrix
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elements M i» I, j = 1,2, and with coproduct 4, counit € and antipode x and with the
following commutation relations:

ﬁqijj/ir Mj,j“ Mi,i" = Mii' ij' ﬁqi/jlj//i// ’ ( 1)
where the R-matrix is defined as
q 0 00
~ ~ i 0 q-— q—l 1 0
Ry=(R"y) = 0 1 0 0

0 0 0 ¢

A convenient basis over the field of complex numbers for the algebra A is {Worl]
{(Mll)k(M12)l(M21)m, (M) M) (M%) k,I,meN, ne N\{O}} .

With the help of (1) and det M = M'\M?, — gM',M?, =1 it is possible to write every
monom in the matrix elements in this basis.

SU,4(2) has also a corresponding Exterior Algebra I'y; with left- and right-coaction
Ap and Ag. p € I'a, is called left-invariant if A (p) = 1 ® p and right-invariant if
4r(p) = p® 1. The invariant elements form linear subspaces iny/ 4y and I'yy, . of
T}y, respectively. If {9’ € I'ay,,, : J of an index set} is a basis of the right-invariant
elements then every element p € I'jpy can be written as

p=ZamJ, aj€A. (3)
J

The bicovariant bimodule I'ag of SU,(2) is constructed in a way such that the right-
invariant basis transforms as the adjoint representation [CSWW]. This means that the
right-invariant basis of I'aq > denoted as &, has to transform under left-coaction as

A (O =Misk(MT ) @6 ;.
If one uses a different right-invariant basis
0 =& e,
then it will transform as
A(67) = MM/ @ 61
The right-invariant basis {@'!, ©'2, 82!, 8?2} can be split into irreducible parts, i.e. in a

singlet

04 =P, 6" = —me X:=eu0", 4(X)=18®X,

and a triplet, that transforms like the adjoint representation:
ij . kl ij N - i i e
Oxa = Pad 1 © A.(0y) =M M/ @ 64

This triplet consists of e.g. @1%, ©4% and @2, because the fourth element &%) is linearly
dependent: €3, = ¢7'6!%.
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For the DeRham Cohomology one needs a basis of the differential forms over the field
of complex numbers. For this it is useful to know the irreducible multiplet structure.
The results are:

- {61L,01%,0%, X} is a basis of I'adjny
{A“,A‘Z, A2, A", x A1, x AP} is a basis of I'AZ,

- {®l!, ®l2, &2, &,} is a basis of I'A3. |
-f{yisa ba515 of ', .,
- r$=0. (4)

For instance with X := \/ﬁ X,

A" -=@,‘¢®@‘ -0}, ® 6Ly, xA' =0l ® X,

2= q(0); ® 6% — O3, ® 6L xA? =030 X,
~(‘I _q—z)@ ®@Ad’

A =0 ® - 7O ®6);, xA? =0 ®X.

The details are given in [G].

3. The exterior derivatived : A — I'igq

The exterior derivative d: A — I'zq is defined as

da:=i(Xa—aX)= (Xa—aX), acA,

1
N NVa

Let a € A. In the C-Basis (2) of A, a is written as

oo oo oo
a=> D arimo(M' D(M'D (MP)™ + > aoima(M'2) (MP )™ (M%)
I,m=0 | k=0 n=1

with coefficients ay;mo, @0 1mn € (C, where only a finite number are nonzero. In the
right-invariant basis {@}}, )3, 6%, X} the derivative of a is

1
Va(a—q=HNo

x [(ax f3)0hs+ (ax ) O + (ax f13) 0% + (ax fu - @) K],

da=

for instance with
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o o] o0
ax fu=-(g—q7" Z Z{ak+ll+lmoqk+1+l[[l+1]]
Im=0 | k=0

+ @ritim-10q Tk + 1+ 1]]}(M11)k(M12)1(M21)'"

oo
+ Y aoisimar ¢ "1+ (M) (MP)™(MP)"

n=1
(coefficients with negative indices are defined to be zero). For the derivative 7d : 1"y} —

1"25” *D on p-forms one gets similar results.

4. The DeRham Cohomology H?(SU,(2))

The DeRham Cohomology is defined as

H? (U, (2)) = ~ D)

0 —
metqy: PO HU(SU(2)) =ker(d).

If one writes ker(?d) and im(?~!d) in the basis elements (2) and right-invariant basis
(4) one can compare both and find after some tedious calculations e.g.

ker('d) =im(°d) ®CX = H'(SU,(2)) ¥C.
The results are:

H(SU,(2)) = C,
H'(SU,(2)) 2 C,
H*(SU,(2)) =0,
H*(SU,(2)) 2 C,
H*(SU,(2)) = C.
Comparing this result with SU(2) x U(1),

HP (SU(2) x U(1)) & {(C forp=.0,p= l,p=3orp=4,

0 otherwise,
one sees that they are identical. This can be understood by considering the classical
limit ¢ — 1. The right-invariant basis {@}}, 613, 8%, X} of I'ag;ny goes over into the
right-invariant basis of the classical bimodule I'g;,, over SU(2) plus a decoupled X,
which can be seen as basis of I7),,.
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